
Descriptive Set Theory
Lecture 22

We've shown tht 1-1 Bowl images at Borel are Borel .
How big we can make the preiaages of pts sit

.
the Baek

hen is still preserved ?

Arsenic - Kumagai . Kr - to - l Borel in ages of Borel sets
are Borel

.

A special case of this is :

brain -Novikov. Ctbl - to -1 Band charges of Borel sets are Borel.
"^

:

* '"↳ if R≤ ✗ ×" is But , KY Polish
,
and

each ✗ - fiber is uhh
,
i. e. /Rx / ≤ No V-✗ C- X

,

s then R is a disjoint cthl union of Bad function
✗ graphs , i.e . 12--46 , Keith / (G) × / ≤ 1

.

In other words
,
aah Gu -- graph ( ra) , dere

k :X-Y is a partial Borel faction will
a Baul graph . (since prej : Gu→ X is 1-1

,

domtk) - projection is
"
Borel .)



Borel Isom
.

Theorem
. Any two uudrbl Polish spaces are

Borel isomorphic .

Proof
. Enough to show tht ay uncles / Polish ✗ is Beef
iron

,

to 2N
.

Recall hf by Cantor - Beidixsou,
21N&:X

.
Also

,
recall the coding Kana : ✗ ¥12'N.

By the Borel Cantor - Schroder - Bernstein theory
7 Bent ison . ✗ → 21N

.

Borel Cantor - Schroder - Bernstein
.
If Al Bae Polish sp .

I 7 Borel injections f. A ↳BI g :B ↳ A
thin 7 Bout iron .

h : D-→ B.

Proof
.

Our goal is to obtain partitions A :=UAu I
n≤ a

B :=4≤§u at
.

thro
,
f /An)=Bn+ , , g = Ana

,

I f (Aa) - Ba al g (Ba) -_ Aa .

Deane then

define h : A → 13

hlaz f /Are

ʰlAza+i= 9
" /Anti

hla
.

:= f/Ax
,

which is a bijection .



Here
, y

''
ii Boil by Latin - Sandia

.
How to obtain

such a Duel partition? We'll done decreasing
Ses-eves of Baul sets : AT :=A

,
BT :=B

,

§n+i=glBÑBit , := flay
AT AAT BT :-D B-u.pe,

420 / n<a

Weld let An := AT Ñati
AT t

,
BT 4 An := AI

,
Ba :=Ñn\BaI

Ao 2g
AT A ,

BT
d Ba :=Ñ .

Check usingiy.ec/-iBzvihgN-fdgkt
i.Ai

i ist f /Auf = But , I g a) - AntiAt Ad
.

I HAD = Bo I gCBa)=Ax .
By Latin - Sandia

,
all these abs are Beret

Measure ison th . Foray monatomic Borel prob . measure

it on a Polish space
×
,
the is a

Borel isow f : ✗ → 10,1) sit
. f*N=X Lebesgue

measure
; in particular

,
(X
,
M) ad ( [0,17

,
H are

isomorphic .
Proof. By the Daul ison theorem

,
we may assure 11=10,1) .

let f :[0,1] → 1011) be the function d- (x) :=M[o, xD ,
i. e. f is the distribution function at µ

.



9

☒
, ,

Bene it is monatomic
,
f is continuous bone

✗ it's a increasing faction 1 tin fled = IN ×]
✗ → c- ✗<c

= V40, D) d bi- f-1×1=11%(9×3) -- Marx])✗→at

-

and since r④=0,
these two are equal . f may not be inedible
here it may be constant an sone intervals :
it is possible ht Mia ,b7)=0 so flat -- 1- G)
for sone a < b. These irhesvals are cthl

, nay
and their union is a d-null open set U .
f- is a bijection from 1011714 to 10,17 .
let c ≤ 10,11 be the Cantor set I let c' :=f

"

(c)
,

here is d- null . Write C= COLIC , , eah ↳4
uutbl

. By Borel ison
.

7 isan go :C
'
→ Co

ul g ,
: U → 4 .

then the faubion h :{0,11%11
defined by hlcqpyuuci) :=f , Hu := 9

, ,hki=% .

Thi, h it as desired
.

Based on these isomorphism hearers
,
we define wheat

of standard spaces . Namely , a measurable space (×,A)
is called standard Boel if 7 Polish top on ✗ sit

.
A



is the T- alg . d- Bonet sets
.

We've shown tht 3- ! up
to Borel isomorphism waited st

.
Bout space .

similarly, we call a probability space (X
,
A
,
9)

standard if IX
,
d) is a standard Boel space .

We've shown tht any
anatomic st

. prob. space is

iron to Ko
,
D
,
H

.

Examples . (a) For
my

Polish X
,
(X
,
B (x)) is standard

Boel by def.
(b) let ✗ be Polite and let A- ≤ ✗ be a

Bad subset
. Then the Bowl o-alg . restricted

to A is standard . Indeed
,
we can - akr

A doper , hive Polish without changing the

Raul Srh
.
In fact :

Cor
.
let 14THbe Polish

.

A subset B ≤ ✗ is standard

Boel (i.e. Badly : -
_ { 13nA : A c-B. 1×1} is standard)

if I only if B is Borel
.

Proof
.
⇐

. By dopeuificatian as in eagle (b),
⇒

. Suppose BCH
,

is standard
. Thus

,



7 Polish top YB on B sit. BITB) - B /¥1B .

This means that the inclusion nap Bax
is Borel between Polish space,

so it has to
nap

B to a Borel subset of ×
,
i.e . B is Borel

.

Effro , Reel structure . let ✗ be Polish I let FIX) denote
the collection of its cloud subsets

.

The Effros

o-algebra on FIX) is the one generated by
the flowing sits : let U c-✗ be open,

he] : = IF c- FIX) : FAU -1-0} ,

then
. Ferg Polish X

,
the Effros o -algebra on ✗ is standard

Borel
.

We call it the Effros Borel space .
Proof

. Enough to produce a measurable Don with sone

Polite space. Defile c. f- (b) → 21N by fixing a basis lad
F H CIF)

here c. (F) (n) :=/1- if F1Ua≠∅0 o - w
.

i
C- ' takes the

dopea set [* * . . .
* 1] to [In] at [**. _*0] to

[Unt
,
at both are in the Effros s-algebra, hence c

is measurable
.
This

nap is also I-1 by the def of dosed
.



It's enough to show tht Y :=cCFAd) is Borel
.

In fact we show tht Y is Gr
.

Indeed
,
Kye 2ⁿ ,d

y c-
Y <⇒ V-qws.fi Um ≤ Un ( ylmtl ⇒ y (a)=D .

and
Vu ly (a) =/ ⇒ In ñ≤ Un yH=D.


